MODELING OF CONCRETE MATERIALS AND STRUCTURES

Kaspar Willam

University of Colorado at Boulder
Class Meeting #4: Failure Analysis at Constitutive Level

Continuous vs Discontinuous Failure: Continuum = Discontinuum
Loss of Material Stability/Uniqueness: d*W =0 vs det€ = 0
Loss of Ellipticity/Hyperbolicity: Localization Analysis

Geometric Localization Criterion: Elliptic Localization Envelope
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MOHR FAILURE ENVELOPE
Geometric Concept: F(o,7) = f(o) — 1, =0

O. Mohr [1900]: Critical Mohr circle contacts failure envelope
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Is there a universal ‘strength criterion’ for brittle-ductile failure
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DEGRADATION OF KINEMATIC CONTINUITY

Transition of Continuum into Discontinuum
1. Diffuse Failure : continuous velocities and velocity gradients
2. Localized Failure : formation of weak discontinuities

3. Discrete Failure : formation of strong discontinuities
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BOND AT BIMATERIAL INTERFACE

Perfect Contact:

luy] =uly —u2 =0 and [[ty]]=th -t =0
Weak Discontinuities: all strain components exhibit jumps across interface
except for €} = €t restraint.

Note: Jump of tangential normal stress, ol # o/

Imperfect Contact:

lun|] = uly —ul #0 whereas [|ty]]=th -t =0
Strong Discontinuities: all displacement components exhibit jumps across
interface.

Note: FE Displacement method enforces traction continuity in ‘weak’ sense
only, hence [|ty]|] # 0.
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MATERIAL STABILITY

Second Order Work Density Functional:
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For non-associated plasticity:
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Note: The energy functional uses only the symmetric tangent operator.
Bromwich Eigenvalue Bounds:
)\mm(gzgm) S R<)\mm(86p)> S )\max(gsym>

Material instability coincides with loss of positive definiteness of the symmetric
operator: Apin(E:)") =0

Critical Hardening Modulus, [Maier & Hueckl, 1979]:
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MATERIAL UNIQUENESS

Loss of Material Uniqueness: 0 =&, : € =0

Indicates stationary stress state at limit point. Loss of uniqueness is
synonymous with the formation of a singular tangent operator.

det &, 20 — Amin(Eep) =0

The plastic operator is a rank-one update of the positive elasticity tensor,
r
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Pre—conditioning
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Critical eigenvalue \,,;, measures uniqueness by scalar damage variable dg¢,
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Apin (E71:EP)=1—d ith  de =
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Note: Hgm“ = () corresponds to 1 — dg = 0 or to de = 1.
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LOCALIZATION ANALYSIS

Kinematic Compatibility across Discontinuity Surface:

|Vul|]= M ®N — é]== [ MON+NXIM |

DO | —

Traction Equilibrium: Cauchy’s Theorem

[H] =" —¢ =0

] =N - 6] = N - |y - €] =0
Assuming [[€unl] = £,y — €y = 0

Continuous Material Bifurcation:

Qt(m M =0 with Qt(m =N - gt(m N
Q.. is the tangential localization tensor with Localization Criterion:

det Qtan ; 0 — Amz’n(Qtan) =0



ELASTOPLASTIC LOCALIZATION CONDITION

Elastoplastic Bifurcation Condition:

1
det(Q.p) = det(N - [E, — h—EO men:E)]-N)=0
p

Rank—one Update Format of Elastoplastic Localization Tensor:

1
er:QO_h_em®en
P
where
e, = N-&E:m
e, =n:&E-N

Discontinuous Failure Mode: [|]] =5 [M @ N+ N @ M |

. . . _ _0Q _9F
Failure orientation depends on: m = 3= and n = 5~
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LOCALIZATION ELLIPSE
Scalar Form of Localization Condition:

loc e ~1
HY+n:&:m=e, - Q  -ey

Geometric Envelope Condition:
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LOCALIZED FAILURE MODE
Parabolic Drucker-Prager:
F=Jy+arli—fBrand Q =Jy+agli — Bg
Character of Jump: [|¢]] =2 [M @ N+ N @ M |

Half Axes of Localization Ellipse:

2(1—v 1 7l 1420
AQZ%B and B® = ;5 H,” + Jp + (1 Sony\aF + ag)® + TEarag

Critical Normal Vector of Failure Plane N w/r to major principal e;-axis:

— (1 = 2v)(0oc — 511) + 3(1 — v)(ar + ag)
+ [(1 — QV)(JC — %]1) -+ %(1 — V)(Ozp -+ OJQ>

.
tan’0 =

Critical Hardening Modulus:
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MODEL PROBLEM OF SIMPLE SHEAR: 715 > 0

Non-Associated Parabolic Drucker-Prager Model: ag =0

Failure Mode (angle 6*") and Contrast Strength Ratios f/ : f/

MODEL PROBLEM DUCTILE FAILURE  BRITTLE FAILURE
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MODEL PROBLEM OF SIMPLE SHEAR: 715 > 0

Geometric Localization Analysis: f.: f; =1: 1, von Mises

Pressure-Insensitive Failure: % = 45" and 0" = 135" shear failure mode II.
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MODEL PROBLEM OF SIMPLE SHEAR: 715 > 0

Geometric Localization Analysis: f.: fi =3:1

Pressure-Sensitive Failure: § = 33.211" and 6 = 146.79" indicate mixed
shear-compression failure.
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MODEL PROBLEM OF SIMPLE SHEAR: 715 > 0

Geometric Localization Analysis: f.: fi =12:1

Qcm’t —

Highly Pressure-Sensitive Failure: 0" indicates brittle failure mode .




MODE I: SPLITTING TENSION

Critical Localization Condition: Mode | when N||M and 6 =0

Associated Flow: ap = ag = 0.25
Non-Associated Flow: ap = 1.167, ag = —0.667
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MODE I: SPLITTING COMPRESSION

Critical Localization Condition: Mode | when N||M and 6 =0

Associated Flow: arp = ag = 3.0
Non-Associated Flow: ap = 1.167, ag = 4.833
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COMPACTION BANDING

Critical Localization Condition: Compaction Band

Associated Flow for Compaction Band : ap = ag = —2.0

7, [Ksi]




CONCLUDING REMARKS

Main Lessons from Class # 4:

Diffuse Failure:

Loss of Stability and Loss of Uniqueness

Localized Failure:
Loss of Ellipticity and Hyperbolicity

Volumetric-Deviatoric Coupling:
Simple Shear Test Exhibits Confinement Effects

Compression Failure of Brittle Materials:
Splitting Compression Depends on Confinement
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